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1. Introduction
Quite precise cosmological observations such as Type Ia Supernovae have revealed the current
accelerated expansion of the universe. For the homogeneous and isotropic universe, there are
two representative ways of explaining this phenomenon. First is the introduction of dark energy
with negative pressure in general relativity. Second is the modification of gravity on the long
distance, e.g., F(R) gravity [1, 2, 3] (for reviews on dark energy and modified gravity, see, for
instance, [4, 5, 6, 7]).
In this article, among various modified gravity theories, we concentrate on F(R) gravity and
F(T ) gravity with T the torsion scalar in teleparallelism [8] and review the recent developments
on cosmological issues and their theoretical properties. We use units of kB = c = h¯ = 1 and denote
the gravitational constant 8piG by κ2 ≡ 8pi/MPl2 with the Planck mass of MPl = G−1/2 = 1.2×
1019 GeV.
The article is organized as follows. In Sec. II, we review various cosmological subjects in F(R)
gravity. First, we explain the action and derive the gravitational equations. We explore the con-
formal transformation from the Jordan frame to the Einstein frame and its inverse transformation.
After that, we investigate R2 inflation, namely, the so-called Starobinsky inflation. Also, we present
a unified model of inflation and dark energy era, and describe the properties of the finite-time future
singularities. Moreover, we study neutron stars and the issue of hyperon. For the recent study of
stars in dilaton gravity, see [9]. Next, in Sec. III, we explain significant cosmological issues in F(T )
gravity. To begin with, we present the formulation of teleparallelism. We state the impossibility of
the conformal transformation from F(T ) gravity in the Jordan frame into pure teleparallel gravity
with a scalar field, which corresponds to the Einstein frame in the ordinary curvature gravity. In
addition, we examine the analogue of the Starobinsky inflation, i.e., T 2 inflation. Furthermore,
we illustrate the unification of inflation in the early universe and the late time cosmic acceleration
at the dark energy dominated stage. We also mention the finite-time future singularities in loop
quantum cosmology (LQC). Moreover, we study a conformally invariant F(T ) gravity theory. We
further explore trace-anomaly driven inflation. In Sec. IV, we review our main results on F(T )
gravity theories from the Kaluza-Klein (KK) and Randall-Sundrum (RS) theories in Ref. [10]. In
Sec. V, summary are described.
2. F(R) gravity
We present the brief review of F(R) gravity. The action describing F(R) gravity with matter
is represented by
S =
∫
d4x
√−gF(R)
2κ2
+
∫
d4xLmatter(gµν ,Φmatter) . (2.1)
Here, g is the determinant of the metric tensor gµν , Lmatter is the Lagrangian of matter, and Φmatter
denotes matter fields. Variation of the action in Eq. (2.1) with respect to gµν leads to the gravita-
tional equation
F ′(R)
(
Rµν − 12gµνR
)
= κ2T matterµν −
1
2
gµν
(
F ′(R)R− f )+∇µ∇ν F ′(R)−gµνF ′(R) , (2.2)
2
Universe acceleration in modified gravities K. Bamba, S. D. Odintsov
where the prime means the derivative with respect to R as F ′(R)≡ dF(R)/dR, ∇µ is the covariant
derivative, ≡ gµν ∇µ∇ν is the covariant d’Alembertian, and T matterµν the energy-momentum tensor
of matter.
We suppose the flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric ds2 = −dt2 +
a2(t)∑3i=1
(
dxi
)2
with a(t) the scale factor. In this background, if matter is a perfect fluid, it follows
from Eq. (2.2) that the gravitational field equations read
3F ′(R)H2 = κ2ρmatter +
1
2
(
F ′(R)R−F(R))−3H ˙F′(R) , (2.3)
−2F ′(R) ˙H = κ2 (ρmatter +Pmatter)+ ¨F ′(R)−H ˙F′(R) . (2.4)
Here, H = a˙/a is the Hubble parameter, and the dot denotes the time derivative. Moreover, ρmatter
and Pmatter are the energy density and pressure of matter, respectively.
2.1 Conformal transformation
We make conformal transformation on the action in Eq. (2.1). Using an auxiliary field χ , the
action in Eq. (2.1) is expressed as
S =
∫
d4x
√−g 1
2κ2
[
F(χ)+ (R− χ) dF(χ)dχ
]
+
∫
d4xLmatter(gµν ,Φmatter) . (2.5)
Varying this action with respect to χ leads to (R− χ)d2F(χ)/dχ2 = 0. Assuming d2F(χ)/dχ2 6=
0, we have R = χ . By substituting this relation into the action in Eq. (2.5), we see that the original
action in Eq. (2.1) is recovered. Through the conformal transformation gµν → gˆµν ≡ Ω2gµν with
Ω2 = A , where A ≡ dF(χ)/dχ we acquire [11, 12, 13]
S =
∫
d4x
√
−gˆ
(
ˆR
2κ2
− 1
2
gˆµν ∂µφ∂ν φ −V (φ)
)
+
∫
d4xLmatter(A −1gˆµν ,Φmatter) , (2.6)
V (φ) ≡ A ˆR−F
2κ2A 2
, φ ≡
√
3
2
1
κ
lnA . (2.7)
Here, the hat shows quantities in the Einstein frame.
Next, by following the investigations in Ref. [14], we explore the inverse conformal transfor-
mation from the Einstein frame to the Jordan frame. Here, for simplicity, we consider the system
consisting of gravity and a scalar field parts without other matter. From the action in Eq. (2.6), we
have
S =
∫
d4x
√
−gˆ
(
ˆR
2κ2
− 1
2
ω (ψ) gˆµν∂µψ∂νψ−W (ψ)
)
, (2.8)
with the coefficient function ω(ψ) for the kinetic term of the scalar field ψ and W (ψ) the potential
of ψ . We introduce other scalar field σ , defined by σ ≡ ∫ dψ√|ω(ψ)|, and represent the ac-
tion in Eq. (2.8) as S = ∫ d4x√−gˆ[ ˆR/(2κ2)∓ (1/2) gˆµν∂µσ∂νσ − ˜W(σ)]. Here, for the positive
(negative) sign of ω(ψ), that of the kinetic term is ‘−’ (‘+’), namely, the action describes the non-
phantom (phantom) phase, and ˜W (σ) is the potential of σ . We examine the action with the ‘−’
sign kinetic term, i.e., σ is a canonical scalar field. We make the inverse conformal transformation:
3
Universe acceleration in modified gravities K. Bamba, S. D. Odintsov
gˆµν → exp
(
±√2/3κσ)gµν , so that the kinetic term of σ can be removed from the action shown
above. Accordingly, we obtain
S =
∫
d4x
√−g

exp
(
±√2/3κσ)
2κ2
R− exp
(
±2
√
2
3κσ
)
˜W (σ)

 . (2.9)
This is considered to be the action in the Jordan frame. Moreover, the equation of motion for
σ is given by R = 2κ exp
(
±√2/3κσ)(2κ ˜W (σ)±√3/2d ˜W (σ)/dσ). This can be solved as
σ = σ(R). As a consequence, we acquire the action for an F(R) gravity theory in Eq. (2.1)
without matter action, where the form of F(R) is expressed as F(R) = exp
(
±√2/3κσ(R))R−
2κ2 exp
(
±2√2/3κσ(R)) ˜W (σ(R)).
It is important to point out that in the presence of matter, we have matter which couples with
some function of R, and then it may be impossible to get a solution of φ as φ(R), as it will depend
also on Lmatter(gµν ,Φmatter).
2.2 R2 inflation (the Starobinsky inflation)
The action for an R2 theory without matter is written as
S =
∫
d4x
√−g 1
2κ2
(
R+
1
6M2S
R2
)
, (2.10)
with MS a mass scale. For R2 inflation model [15], from Eq. (2.7) we obtain [11, 12, 13]
V (φ) = 3M
2
s
4κ2
[
1− exp
(
−
√
2
3
κφ
)]2
. (2.11)
The PLANCK analysis shows the spectral index ns = 0.9603±0.0073 (68% CL) for the scalar
mode of curvature perturbations and the tensor-to-scalar ratio r < 0.11 (95% CL) [16]. Provided
that φ ≫ φf, where φf is the value of φ at the end of inflation t = tf. When the number of e-folds
Nar≡
∫ tf
t Hdt = (3/4)exp
(√
2/3κφ
)
= 50 from the end of inflation to the time when the curvature
perturbation with the comoving wave number k = kcross crossed the horizon, for the super-horizon
modes, i.e., k≪ aH , we have ns ≡ 1+d ln ∆2R(k)/d ln k
∣∣
k=kcross = 1−6ε +2η ≃ 1−2/Nar = 0.96
and r = 16ε = 12/N2ar = 4.8× 10−3, the value of which is much smaller than the upper limit
(r < 0.11) suggested by PLANCK. Here, ∆2
R
is the amplitude of scalar modes of the primordial
curvature perturbations at k = 0.002Mpc−1 [17, 18].
It is remarkable to note that in the presence of matter, through the conformal transformation,
the matter Lagrangian in Eq. (2.1) would transformed into the form in Eq. (2.6).
In Ref. [19], referring to the success of R2 inflation (the Starobinsky inflation), the reconstruc-
tion of an F(R) gravity theory from a scalar field theory in the Einstein frame, which has an ap-
propriate potential to realize inflation satisfying the observational constraints found by PLANCK.
As an example, V (φ) = b0 +b1 exp(
√
1/3κφ)+b2 exp(2
√
1/3κφ) with bi (i = 0,1,2) constants.
By combining this expression with the first relation in (2.7), we find F(R) = [−b1/(2b0)]R +
[1/(4b0)]R2 +C with C ≡ b21/(4b0)− b2. For R2 inflation, since F(R) = R+
[
1/
(
6M2S
)]
R2, we
have −b1/(2b0) = 1 and b0 = b2. As a result, if b1 = 3M2S/
(
4κ2
)
, the potential of the correspond-
ing scalar field theory to R2 inflation V (φ) in Eq. (2.11) can be obtained.
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2.3 Unified scenario of inflation and dark energy era and finite-time future singularities
The first proposal of unification of inflation and dark energy in F(R) gravity ([20, 21]) has been
made in Ref. [3]. Its realistic extension for exponential F(R) gravity was given in Refs. [22, 23].
There has been proposed an F(R) gravity theory where inflation and late time cosmic acceleration
can be realized in a unified manner [22, 23]
F(R) = R−2Λ
[
1− exp
(
−R
Λ
)]
−Λinf
{
1− exp
[
−
(
R
Rinf
)n]}
+ γ¯
(
1
˜Rα−1inf
)
Rα , (2.12)
with Rinf and Λinf representative values of the scalar curvature and cosmological constant at the
inflationary stage, respectively, n(> 1) a natural number, γ¯(> 0) a positive dimensional constant,
and α a real number. The last term plays an important role to realize the graceful exit from inflation
at the inflation scale ˜Rinf. In fact, for α > 1 and n > 1, there is no influence of inflation on the
evolution of the universe at the small curvature, and inflation does not have any effects on the
stability of the matter dominated stage.
It is known that depending on the model, in the limit t → ts, there may appear finite-time future
singularities which were classified as follows [24].
(i) Type I (“Big Rip”) singularity: When t → ts, a→ ∞, ρeff → ∞, and |Peff| → ∞. Here, ρeff
and Peff are equivalent to the total energy density and pressure of the universe, respectively. The
case that ρeff and Peff become finite values at ts is included.
(ii) Type II (“sudden”) singularity: When t → ts, a→ as, ρeff → ρs, and |Peff| → ∞.
(iii) Type III singularity: When t → ts, a→ as, ρeff → ∞, and |Peff| → ∞.
(iv) Type IV singularity: When t → ts, a→ as, ρeff → 0, and |Peff|→ 0. Only higher derivatives
of H becomes infinity. This also includes the case that ρeff and/or |Peff| become finite values at t = ts.
Here, ts, as(6= 0) and ρs are constants.
It is remarkable that adding R2 term to such models with finite-time future singularities may
lead to complete removal of finite-time future singularities. From other side, R2 term induces
early-time inflation. Hence, we achieve two goals: unification of inflation with dark energy and
cancellation of finite-time future singularities. For the detailed study of removal of finite-time
future singularities in F(R) gravity via adding of R2 term, which induces inflation within a unified
manner, one can consult Ref. [25].
2.4 Neutron stars and the puzzle of hyperon
By following the investigations in Ref. [26], we describe a model of neutron stars and present
a solution for the issue of hyperon, i.e., the recently observed neutron star with its mass about 2M⊙
cannot be realized by using an equation of state (EoS) for hyperons, in F(R) gravity. In the case
of the action in Eq. (2.1) with F(R) = R+ d1R2 + d2R3, where d1 and d2 are constants, for a soft
equation of state (EoS) for hyperon, it is demonstrated that the maximum mass of a neutron star can
explains the observations of the pulsar PSR J1614-2230 [27], and that the resultant Mass-Radius
relation can be compatible with the observations.
To begin with, we write the Tolman-Oppenheimer-Volkoff (TOV) equation in F(R) gravity.
With the EoS for hyperons, we examine a neutron star model in the power-law F(R) gravity model
shown above. We draw the diagram of a Mass-Radius relation in the F(R) gravity model and
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compare it with that in general relativity. Furthermore, we explore whether the maximum mass of
the neutron stars and the relation between Mass and Radius consistent with the observations can be
derived in F(R) gravity.
The analyzed results are summarized as follows. In general relativity, for a hyperon model, the
maximum mass of neutron stars is constrained to be smaller than around two solar mass by soften-
ing the EoS for nucleons, thanks to the hyperonization. On the other hand, in the power-law F(R)
gravity model as F(R) = R+d1R2 +d2R3, which is a simple approximation of a more complicated
non-linear form of F(R), with a EoS for hyperons, the mass of neutron stars can reach around two
solar mass. It should be emphasized that only in the central part of neutron stars with its high
density, the resultant Mass-Radius relation is different from that in general relativity. Accordingly,
a EoS for neutron stars is softened effectively, so that the relation between Mass and Radius for the
observed neutron stars: EXO 1745-248, 4U 1608-52, and 4U 1820-30 can be explained. It may
be interpreted that the following three subjects are resolved in the framework of modified gravity:
the maximum mass of a neutron star, the Mass-Radius relation, and the puzzle of hyperons. A
future subject would be to develop the way of solving the TOV equation non-perturbatively, and
that in order to execute it, it is necessary to develop more sophisticated numerical techniques and
to understand the so-called chameleon mechanism, which is a shielding effect of the deviation of
F(R) gravity from general relativity as well as quantum gravity in very high density region.
3. F(T ) gravity
We introduce orthonormal tetrad components eA(xµ ) (A = 0,1,2,3) in teleparallelism [8].
Here, the index A is used at each point xµ for a tangent space of the manifold, and hence eµA is the
so-called vierbein, namely, a tangent vector for the manifold. The metric tensor is given by gµν =
ηABeAµeBν (µ , ν = 0,1,2,3), where µ and ν are coordinate indices on the manifold. Also, the inverse
of the vierbein is derived from the equation eAµeνA = δ νµ . The torsion tensor is constructed as T
ρ
µν ≡
Γ(W)ρ ν µ − Γ(W)ρ µν = eρA
(
∂µeAν −∂νeAµ
)
, where Γ(W)ρ ν µ ≡ eρA∂µeAν is the Weitzenböck connec-
tion. The torsion scalar is represented by T ≡ S µνρ T ρµν = (1/4)T ρµνTρµν +(1/2)T ρµνTν µρ −
T ρρµ T
ν µ
ν . Here, the superpotential is defined by S
µν
ρ ≡ (1/2)
(
Kµν ρ +δ µρ T αν α −δ νρ T αµα
)
with Kµν ρ ≡−(1/2)
(
T µν ρ −T ν µ ρ −T µνρ
)
the contortion tensor. By using T , the action for the
modified teleparallel gravity with matter is expressed as
S =
∫
d4x|e|F(T )
2κ2
+
∫
d4xLmatter(gµν ,Φmatter) . (3.1)
where |e|= det(eAµ)=√−g.
It is important to caution that there does not exist the conformal transformation [28], through
which an F(T ) gravity theory reduces to a scalar field theory in pure teleparallel gravity, although
in general relativity, constructed by the Levi-Chivita connection, there exists such a conformal
transformation of an F(R) gravity theory into a scalar field theory with the Einstein-Hilbelt term.
Therefore, we cannot examine cosmology in the corresponding action in the Einstein frame con-
sisting of the terms of pure teleparallel gravity and a scalar field theory, which is obtained from the
action of F(T ) gravity with the conformal transformation [29].
6
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3.1 Analogue of the Starobinsky inflation (T 2 inflation)
The action of T 2 gravity without matter term is given by
S =
∫
d4x|e| 1
2κ2
(
T +
1
6M2S
T 2
)
=
∫
d4x|e| 1
2κ2
[(
T +2∇µT ρµρ
)
+
1
6M2S
T 2
]
. (3.2)
Here, the second equality can be satisfied because the term ∇µT ρµρ is a total derivative. Clearly,
the form of this action is different from that of the action in Eq. (2.10), so that there can exist
the differences of cosmology derived from these actions. In fact, T 2 inflation can be the de Sitter
expansion, whereas R2 inflation cannot it [29]. In the flat FLRW universe, for T 2 gravity, we
find the Hubble parameter at the inflationary stage Hinf = MS/
√
3 = constant, and thus the scale
factor during inflation a(t) = a¯exp(Hinft)= a¯exp
[(
MS/
√
3
)
t
]
, where a¯(> 0) is a positive constant.
In case of R2 gravity, if
∣∣ ¨H/(M2SH)∣∣≪ 1 and ∣∣− ˙H2/(M2SH2)∣∣ ≪ 1, we obtain H = Hinitial −(
M2S/6
)
(t− tinitial) and a = ainitial
[
Hinitial (t− tinitial)−
(
M2S/12
)
(t− tinitial)2
]
. Here, tinitial is the
initial time of inflation, and Hinitial is the value of the Hubble parameter and ainitial is that of the scale
factor at tinitial. Consequently, the behavior of T 2 inflation is different from that of R2 inflation.
3.2 Unification of inflation and the dark energy dominated stage
A unified model between inflation and the dark energy dominated stage has been proposed in
Ref. [30]. In this subsection, we adopt the unit where κ2 = 1. Provided that the universe is filled by
a barotropic fluid with its equation of state wfl≡ Pfl/ρfl =−1− ffl(ρfl)/ρfl, where ρfl and Pfl are the
energy density and pressure of a barotropic fluid, respectively, and ffl(ρfl) is a function of ρfl. We
explore ffl bringing with two zeros, i.e., two de Sitter solutions, leading to a cosmological constant
with its large value during inflation in the early universe and a fluid with zero pressure such as dust
at the late time.
The Lagrangian is described by L = VsF(T )−Vsρfl(Vs) with Vs the spatial volume. Since
the conjugate momentum is ∂L /∂ ˙Vs, we see that the Hamiltonian becomes H = ˙Vs
(
∂L /∂ ˙Vs
)−
L = (2T F ′(T )−F(T )+ρfl)Vs, where the prime depicts the derivative with respect to T . From
the Hamiltonian constraint in F(T ) gravity is the same as one in general relativity, namely, H = 0,
with Vs 6= 0, we have ρfl = F(T )− 2F ′(T )T . By using this relation, we observe a curve in the
plane of (H,ρfl). For the pure teleparallel gravity, i.e., F(T ) = T , with T = −6H2, the above
relation reads T/2 + ρfl = 0, from which we find the Friedmann equation H2 = ρfl/3. Hence,
the dynamics is determined by the equation system ˙H = ffl(ρfl)/2 and ρ˙fl = 3H ffl(ρfl). As an
example, we build a model with a small cosmological constant λ 4 so that the energy density of
the universe can be ρfl + λ 4. In this case, if ρfl = ρ (inf)fl is large, the fluid behaves as a large
cosmological constant, whereas, when ρfl is small, its pressure is almost zero. Thus, for Pfl =
−ρ2fl/ρ (inf)fl , since wfl =−ρfl/ρ (inf)fl , we acquire ffl(ρfl) =−ρfl
(
1−ρfl/ρ (inf)fl
)
. In this model, there
exist two critical points. The first point P1 is (H,ρfl) = (λ 2/
√
3,0), where wfl = −1 (i.e., the de
Sitter expansion) and the energy fraction of a fluid Ωfl ≡ ρfl/
(
3H2
) ≃ 1. The second point P2 is
(H,ρfl) = (
√(
ρ (inf)fl +λ 4
)
/3,ρ (inf)fl ), where wfl = −1 (i.e., the de Sitter expansion) and Ωfl = 0.
Moreover, for λ 4 ≪ ρfl ≪ ρ (inf)fl , we see that wfl ≃ 0 and Ωfl ≃ 1 (i.e., the matter (fluid) dominated
stage). Therefore, it can be considered that in the present model, the point P1 corresponds to the
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inflationary stage, the point P2 describes the dark energy dominated stage, and there exists the
matter dominated stage between the points P1 and P2. In comparison with the unified model in
Eq. (2.12) of inflation and the late time cosmic acceleration in F(R) gravity, the results stated in the
above F(T ) gravity model are reasonable, because also in the F(R) gravity model in Eq. (2.12),
inflation, the stable matter dominated stage, and the late-time cosmic acceleration can be realized.
In Ref. [31], finite-time future singularities1 have been studied in the framework of loop quan-
tum cosmology (LQC) (for recent reviews on LQC, see [33, 34]). It has been demonstrated that
in LQG, holonomy corrections add ρ2fl correction term to the Friedmann equation, so that a Big
Rip singularity can be cured. Furthermore, it has been investigated whether other types of finite-
time future singularities can be removed in LQC. As a consequence, Big Rip singularities cannot
appear because along an ellipse in the plane of (H,ρfl), the Friedmann equation moves in the anti-
clockwise manner. However, when ffl diverges at some energy density smaller than the critical one,
sudden singularities can occur
3.3 Conformally invariant F(T ) gravity theory
Recently, a conformally invariant scalar field theory has been investigated in Ref. [35]. In
ordinary curvature gravity, the action of the conformally invariant scalar field theory is represented
as
S =
∫
d4x
√−g
(
B1
2
ϕ2R− 1
2
∇µϕ∇µϕ− ϕ
m1+1
m1 +1
)
, (3.3)
with B1 and m1 constants. The variation of this action with respect to the scalar field ϕ leads to the
equation of motion for ϕ as ϕ−B1ϕR+ϕm1 = 0. It is known in Ref. [36] that this equation is
invariant under the conformal transformation for ϕ of ϕ ≡ exp(γ1η) ϕˆ , where η = η(x) and γ1 is
a constant, and that for gµν of gˆµν = exp
(
η(x)gµν
)
, when B1 = 1/6, m1 = 3, and γ1 = −1/2. By
analogy with the above fact, it is considered that also in teleparallel gravity, the equation of motion
for ϕ is invariant under the conformal transformation for ϕ of ϕ ≡ exp(γ2η) ϕˆ with γ1 a constant
and that for gµν of gˆµν = exp
(
η(x)gµν
)
. As a result, if the action is given by
S =
∫
d4x e
(
−B2
2
ϕ2T + 1
2
∇µϕ∇µϕ +B3ϕT ρµρ∇µϕ−
ϕm2+1
m2 +1
)
, (3.4)
from this action, the equation of motion for ϕ reads ϕ +B2ϕT +B3ϕ∇µT ρµρ +ϕm2 = 0, where
B2 = 1/6, B3 = 1/3, and m2 = 3. Here, in deriving Eq. (3.4), we have used the relation R =
−T − 2∇µT νµν . It is significant to obtain the above consequence, namely, the torsion scalar can
non-minimally couple to a scalar field conformally, that the second term on the right-hand side of
this relation is the total derivative, and that this total derivative term consists of both the torsion
scalar and the Ricci scalar.
3.4 Trace-anomaly driven inflation
We study trace-anomaly driven inflation by following the observations in Ref. [29]. The trace
anomaly is given by [37] Tanomaly = c˜1 [F +(2/3)R] + c˜2G + c˜3R. Here, F = (1/3)R2 −
2RµνRµν +RµνρσRµνρσ is the square of the four-dimensional Weyl tensor, and G =R2−4RµνRµν +
1In Ref. [32], the finite-time future singularities in F(T ) gravity have been examined in detail.
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Rµνρσ Rµνρσ is the Gauss-Bonnet invariant. For N scalars, N1/2 spinors, N1 vector fields, N2 (= 0
or 1) gravitons and NHD higher-derivative conformal scalars, c˜1 and c˜2 are represented as
c˜1 =
N +6N1/2 +12N1 +611N2−8NHD
120(4pi)2 , (3.5)
c˜2 =−
N +11N1/2 +62N1 +1411N2−28NHD
360(4pi)2 . (3.6)
For an ordinary matter (except conformal scalars with higher-derivative terms), c˜1 > 0 and c˜2 < 0.
Moreover, c˜3 can be taken as an arbitrary value, because the finite renormalization of the local
counterterm R2 can shift the value of c˜3. In the flat FLRW universe, we have R = 12H2 + 6 ˙H,
F = 0, G = 24
(
H4 +H2 ˙H
)
, and therefore the trace of energy-momentum tensor of T reads TT =
−(2/κ2)(6H2 +3 ˙H−F−3 ˙HF ′−12H2F ′+36H2 ˙HF ′′) with the prime meaning the derivative
with respect to T . It follows the gravitational field equations with the trace anomaly that we find
0 = 2
κ2
(
F +3 ˙HF ′+12H2F ′−36H2 ˙HF ′′)
−
(
2
3 c˜1 + c˜3
)(
d2
dt2 +3H
d
dt
)(
12H2 +6 ˙H
)
+24c˜2
(
H4 +H2 ˙H
)
. (3.7)
For the de Sitter space, we have a constant Hubble parameter H = Hconst, so that Eq. (3.7) can be
written to 0 =
(
2/κ2
)(
F +12H2constF ′
)
+24c˜2H4const. If c˜2 = 0, namely, there is no contribution of
the trace anomaly, we obtain FEH = −2T +12H2const, which is equivalent to general relativity with
a cosmological constant. With T = −6H2const, this expression can meet the above equation. For
example, if F(T )= T +βT n with β and n are constants, the above equation yields H2const = 0 and/or
1+(2n−1)β (−6H2const)n−1 + 2H2infc˜2κ2 = 0. In case of n = 2, provided that (9β/κ2)− c˜2 > 0,
we get a de Sitter solution. Thus, exponential de Sitter inflation can occur. Since c˜2 < 0 for an
ordinary matter, if β > 0, the above relation satisfies. We remark that the de Sitter solution in T 2
gravity can be unstable, and thus T 2 inflation can end [29]. We also note that compared with T 2
gravity, for the action in Eq. (2.1) without matter, where F(R) = R+υRq with υ and q constants,
the parameter region to produce the de Sitter solution is smaller.
4. F(T ) gravity theories from the Kaluza-Klein (KK) and Randall-Sundrum (RS)
theories
In Ref. [10], four-dimensional effective F(T ) gravity theories is constructed from the five-
dimensional Kaluza-Klein (KK) [13, 38, 39] and Randall-Sundrum (RS) [40, 41] theories.
4.1 From the KK theory
Provided that the ordinary KK reduction procedure [13, 38, 39] from the five-dimensional
space-time to the four-dimensional one can also be used in F(T ) gravity. One of the dimensions of
space is compactified to a small circle and the four-dimensional space-time is extended infinitely.
The radius of the fifth dimension is taken to be of order of the Planck length in order for the
KK effects not to be seen. Thus, the size of the circle is so small that phenomena in sufficiently
low energies cannot be detected. In the following, we only explore the gravity part of the ac-
tion and remove its matter part. The five-dimensional action for F(T ) gravity [42] is given by
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(5)S =
∫
d5x
∣∣(5)e∣∣F((5)T )/(2κ25) with the torsion scalar (5)T ≡ (1/4)T abcTabc +(1/2)T abcTcba−
T aab T
cb
c, the form of which is the same as that of the four-dimensional one, and the Latin indices
(a,b, . . . = 0,1,2,3,5) with “5” the fifth-coordinate component. Here, the superscripts of “(5)” or
the subscripts of “5” expresses the five-dimensional quantities, (5)e =
√
(5)g, where (5)g the deter-
minant of (5)gµν , and κ25 ≡ 8piG5 =
(
(5)MPl
)−3
, where G5 is the gravitational constant and M(5)Pl
is the Planck mass. The five-dimensional metric is represented as (5)gµν = diag(gµν ,−ψ2). Here,
ψ ≡ τ/τ∗ is a dimensionless quantity and a homogeneous scalar field only with its time depen-
dence. Also, τ is a homogeneous scalar field with a mass dimension and τ∗ is a fiducial value of
τ . With eAa = diag(1,1,1,1,ψ) and ηab = diag(1,−1,−1,−1,−1), the four-dimensional effective
action is written as S(eff)KK =
∫
d4x|e|[1/(2κ2)]ψF(T +ψ−2∂µψ∂ µψ).
For F(T ) = T −2Λ4, where Λ4(> 0) is the four-dimensional positive cosmological constant,
with a scalar field σ as ψ ≡ (1/4)ξ 2, the above action is rewritten to [13] S(eff)KK |F(T )=T−2Λ4 =∫
d4x|e|(1/κ2)[(1/8)ξ 2T +(1/2)∂µξ ∂ µξ −Λ4]. In the flat FLRW space-time with the metric
ds2 = dt2−a2(t)∑i=1,2,3
(
dxi
)2
, we find gµν = diag(1,−a2,−a2,−a2) and eAµ = diag(1,a,a,a). By
using these expressions, we acquire the relation T = −6H2. Accordingly, with the above relation,
the gravitational field equations is derived as (1/2) ˙ξ 2− (3/4)H2ξ 2 +Λ4 = 0 and ˙ξ 2 +Hξ ˙ξ +
(1/2) ˙Hξ 2 = 0 [43], and the equation of motion for ξ reads ¨ξ +3H ˙ξ +(3/2)H2ξ = 0. It follows
from the above gravitational field equations that (3/2)H2ξ 2−2Λ4+Hξ ˙ξ +(1/2) ˙Hξ 2 = 0. We get
a solution of the Hubble parameter during inflation H = Hinf = constant(> 0) and ξ = ξ1 (t/¯t)+ξ2,
where ξ1 and ξ2(> 0) are constants and ¯t shows a time. In the limit of t→ 0, we see that exponential
de Sitter inflation can happen as Hinf ≈ (2/ξ2)
√
Λ4/3, a ≈ a¯exp(Hinft), and ξ ≈ ξ2. Also, from
the equation of motion for ξ , we obtain ξ1 ≈−(1/2)ξ2Hinf¯t ≈−
√
Λ4/3¯t.
4.2 From the RS type-II model
The RS type-I model [40] consists of two branes. One is a brane with positive tension at y = 0
and the other is that with negative tension at y = u. Here, y denotes the fifth dimension. By using
the warp factor exp(−2|y|/l) and the negative cosmological constant Λ5(< 0) in the bulk, the five-
dimensional metric is written as ds2 = exp(−2|y|/l)gµν(x)dxµ dxν +dy2 with l =
√
−6/Λ5. In the
limit u→∞, we have the RS type-II model [41], namely, the single brane with the positive tension
exists in the anti-de Sitter (AdS) bulk space. The gravitational field equation on the brane in the RS
type-II model has been derived in Ref. [44]. Recently, this procedure with (a) the induced (Gauss-
Codazzi) equations on the brane, (b) the Israel’s junction conditions on it, and (c) Z2 symmetry
of y↔−y, has been applied to teleparallel gravity [45]. In comparison with the case of ordinary
curvature gravity, there appear additional terms originating from the projection on the brane of the
vector portion of the torsion tensor in the bulk.
For the flat FLRW space-time, on the brane, the Friedmann equation reads H2 (dF(T )/dT ) =
−(1/12)
[
F(T )−4Λ−2κ2ρmatter−
(
κ25/2
)2
I ρ2matter
]
, where I ≡ (11−60wmatter +93w2matter)/4
and a EoS of matter wmatter ≡ Pmatter/ρmatter. The contributions of teleparallel gravity, which
do not exist for curvature gravity, are involved in I . Moreover, on the brane, the effective
cosmological constant becomes Λ ≡ Λ5 +
(
κ25/2
)2 λ 2, where λ (> 0) is the brane tension and
G = [1/(3pi)]
(
κ25/2
)2 λ . In what follows, we examine the dark energy dominated stage, so that the
contributions from matter, e.g., ρmatter or wmatter, can be neglected. For F(T ) = T −2Λ5, by using
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the relation T = −6H2, we acquire a de Sitter solution H = HDE =
√
Λ5 +κ45 λ 2/6 = constant
and a(t) = aDE exp(HDEt), where aDE(> 0) is a positive constant. Hence, the late time accelerated
expansion of the universe can occur. For F(T ) = T 2/ ¯M2 +ζΛ5, where ¯M a mass scale and ζ is a
constant, we get H = HDE =
{(
¯M2/108
)[
(ζ −4)Λ5−4(κ25/2)2 λ 2]}1/4 = constant. Here, since
the content of the 4th root should be positive or zero, we see that ζ ≥ 4+ (κ25 λ 2)/Λ5.
5. Summary
In the present article, we have reviewed recent progress on issues of cosmic acceleration and
theoretical natures of F(R) gravity and F(T ) gravity. In the former part, we have described various
cosmological and theoretical problems in F(R) gravity. We have examined the conformal transfor-
mation from F(R) gravity (i.e., the Jordan frame) to general relativity with a scalar field (i.e., the
Einstein frame) and its inverse version. In addition, we have studied R2 inflation (the Starobinsky
inflation). Also, we have explained a unified scenario of inflation and the dark energy dominated
stage. Moreover, we have presented the classification of the finite-time future singularities. Fur-
thermore, we have examined neutron stars and the hyperon issue. Next, in the latter part, we have
stated a number of cosmological issues as well as theoretical properties in F(T ) gravity. First of
all, we have written the basic formulation of teleparallelism. Then, we have remarked the impos-
sibility of the conformal transformation from the Jordan frame to the Einstein frame. We have
further investigated the analogue of the Starobinsky inflation, namely, T 2 inflation. In addition, we
have demonstrated the unification between inflation and the late time accelerated expansion of the
universe. Furthermore, we have mentioned the finite-time future singularities in loop quantum cos-
mology (LQC). Moreover, we have shown a conformally invariant F(T ) gravity theory. Finally,
we have reviewed our main results of Ref. [10] in terms of derivations of F(T ) gravity theories
from the Kaluza-Klein (KK) and Randall-Sundrum (RS) theories.
It could be expected that through the investigations on various theoretical aspects of a number
of gravity theories, we can acquire some clues to resolve the issues of cosmic acceleration including
the mechanism of inflation in the early universe and the origin of dark energy at the present time.
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